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Introduction
Basket credit derivatives such as first-to-default swaps (FtD's) and collateralized debt obligations (CDO's) are often priced in practice by assuming the existence of a risk-neutral measure within the framework of an intensity-based copula model. Representative references are Hull and White (2004) , Friend and Rogge (2004), and Schönbucher (2003) . The central calibration issue is how to determine the defaultcorrelation parameters appearing in the model. The current view appears to be that, ideally, these should be real-world correlation parameters determined from the analysis of historical data on defaults, or by using historically observed equity correlations as a proxy for the default correlations. The expectation is then that given reliable real-world default-correlation parameters, accurate prices for basket credit derivatives can be obtained. Because of the difficulties involved in determining the real-world correlations, however, a common current practice is to use a simplified riskneutral pricing model to back out a single correlation parameter from a market price of a given credit derivative, so that the correlation parameter determined in this way is essentially a proxy for a market price.
In models that describe the stochastic behavior of stock prices in terms of multiple correlated Brownian motions, it is well-known that the transformation from a real-world to a risk-neutral probability measure affects neither the volatilities nor the correlations. This is perhaps one of the reasons for the widespread view that the default correlations in the riskneutral procedure for pricing basket credit derivatives should in principle also have their real-world values. The analysis given below of a simple model for basket credit derivatives shows, however, that this view is incorrect. Both the variances and the correlations evaluated using the risk-neutral measure will in general be different from their real-world counterparts. For the variances, this is well-established (although perhaps not well-recognized) since the variances depend only on the default probabilities, and it is wellestablished that the risk-neutral and real-world default probabilities are significantly different.
Given that it is not appropriate to use the realworld correlations in the risk-neutral valuation procedure for basket credit derivatives, the obvious question is How should these correlations be evaluated? The answer is that the correlation parameters in the model can in principle be determined in terms of the market prices of traded derivatives, as will be illustrated in detail below, but that unfortunately the number of parameters that need to be determined is sufficiently large that there is little hope that this procedure could be carried out in practice.
The next question that arises is If the risk-neutral correlation parameters can not be accurately determined, what information can the risk-neutral pricing procedure give on the allowable arbitrage-free prices of derivatives that are not traded on the market? The answer here is that the risk-neutral approach can still determine upper and lower bounds on the price of a given basket derivative, but that these bounds are in general not sufficiently tight to be helpful in pricing. Thus it appears that, both in principle and in practice, the appropriate way of pricing a basket credit derivative is to put it on that market and to let the competition between the buyers and sellers decide.
One way in which buyers and sellers might obtain some idea of the value to them of a basket credit derivative is to estimate its real-world expected value, and this is briefly discussed.
The model analyzed in detail below, and from which the above general conclusions are drawn, is an extension of the one-step binomial model for the pricing of put and call options on a stock, to the case of credit derivatives on a basket of risky bonds. There is an essential difference between the two models however. The binomial model is a complete-market model, whereas the market for a basket of risky bonds is not complete (the concepts of completeness and incompleteness are explained below). Consequences of this difference are the fact that there is no perfect hedge for basket credit derivatives (examples of approximate hedges are given below) and the fact that only bounds on the prices of basket credit derivatives can be given, and not definite prices. Although the model is a very simple one, the essential features (incompleteness, the lack of a perfect hedge and the lack of a definite price for basket derivatives, the riskneutral interpretation of the correlation parameters) are not expected to be model dependent. Further-more, the simplicity of the model allows the essential features to be brought out with greater clarity. Finally, it should be noted that the general principles of risk-neutral pricing in incomplete markets are wellestablished, so that the purpose here is to contribute to ensuring that the implications of these principles for the pricing of basket credit derivatives are widely appreciated.
Model description
Pricing within a single-period model, as implemented in this article, is described in detail in Pliska (1997) . Each security n (n = 1, ..., N ) in the basket under consideration is described by its time t = 0 price S n0 and its time t = 1 price S n1 (ω k )(k = 1, ..., K). The ω k identify the different possible states of the world at time t = 1. The quantities S n1 and the risk-neutral probability measure Q are row vectors with components labelled by ω k (row vectors are indicated by bold-face type) . The risk-free discount factor D is the time t = 0 price of a risk-free bond paying one dollar at time t = 1, and the vector increase in discounted price of the nth security is ∆S * n = DS n1 − S n0 . The risk-neutral probability measure is determined by the condition that it is a probability measure with positive probabilities which satisfies
Here, E Q indicates an expected value evaluated using the probability measure Q.
As an example, consider a single risky bond that promises to pay one dollar at time t = 1, sells for d at time t = 0, and pays the deterministic recovery rate ρ on default. Here the number of possible states at t = 1 is K = 2; these states are labelled ω 1 (no default) and ω 2 (default). The time t = 1 values of the basic securities B (the risk-free bond) and S (the risky bond) are thus
The time t = 1 payoff for a credit default swap (CDS) (which pays zero for no default and the loss relative to the notional value in case of default) is also shown. Note that the t = 1 value of any security is a vector in a two-dimensional vector space. The two basic securities B and S shown in Eq. (2) are two linearly independent vectors which form a basis for this vector space. Thus, any contingent claim, which will have a t = 1 payoff represented by a two-dimensional vector, can be expanded as a linear combination of B and S. The model is thus called a complete-market model. In particular note that X CDS = B − S. The absence of arbitrage opportunities requires that the t = 0 value of the CDS, V CDS , will be the same linear combination of the t = 0 values of B and S, so that
Another way of saying this is that, since the portfolio B − S is a perfect hedge for X CDS , it must have the same t = 0 value. To find the risk-neutral probability measure use
where
] is a well-known result for the risk-neutral probability of default of a risky bond. The risk-neutral procedure for valuing the CDS gives
which is the discounted value of the loss given default times the risk-neutral probability of default, and which agrees with the result of the previous paragraph. Finally note that the risk-neutral statistical properties of the default distribution can be found using the default indicator λ (which is 0 in the case of no default, and 1 in the case of default) and the riskneutral probabilities Q. Thus the average value of the default indicator is E Q (λ) = q and its variance is var Q (λ) = q(1 − q). The corresponding real-world variance is p rw (1 − p rw ) where p rw is the real-world probability of default. Typically the risk-neutral default probability is significantly greater that the realworld one, so the risk-neutral and real-world variances will be significantly different.
Two risky bonds
Now consider two risky bonds, each characterized by the same discount price d and recovery rate ρ. Define λ n to be the default indicator for the nth bond (with λ n = 0 and λ n = 1 indicating no default and default, respectively). The possible t = 1 states are then ω = (λ 1 , λ 2 ), or more precisely, ω 1 = (0, 0), ω 2 = (1, 0), ω 3 = (0, 1) and ω 4 = (1, 1). The t = 1 values of the three basic securities B, S 1 (risky bond 1), and S 2 (risky bond 2), and of the payoff X F tD on an FtD, are
Note that there are only three basic securities B, S 1 and S 2 , so that these do not form a basis for the four-dimensional vector space of this problem. Hence not all contingent claims can be expanded as a linear combination of basic securities, and by definition the market is incomplete. In particular, X F tD can not be written as a linear combination of B, S 1 and S 2 . To complete the market a fictitious security F , orthogonal to B, S 1 and S 2 , has been added. Now it can be shown that
If the security F actually existed and were traded on the market, then the right hand side of Eq. (6) would be a perfect hedge for the FtD, and the t = 0 price of the FtD would be the t = 0 price of the hedge. However, since F does not exist, there is no perfect hedge for X F tD , and as a result there is no possibility of obtaining a definite price for an FtD from arbitrage considerations, including the risk-neutral pricing procedure. All one can do is to obtain bounds on the price of an FtD, and various approximate hedges, which will now be done.
To obtain the risk-neutral probability measure, define the discounted price increments ∆S *
and then use Eq. (1) to find (7) where p n = q n (1 − q) 2−n . The risk-neutral probability measure contains the undetermined parameter β chosen in such a way that it is the risk-neutral correlation between the default indicators for bonds 1 and 2. In other words, β satisfies
where the covariance and variances are evaluated using the risk-neutral probability measure Q. Note that β must satisfy −q/(1 − q) < β < 1 so that the riskneutral probabilities are positive. Given that typical values of q satisfy q << 1, only very small negative values of β are allowed. The fact that β has an allowed range of values, so that the risk-neutral probability measure is not unique, is a consequence of the incompleteness of the market. Every allowed value of β gives a possible consistent set of arbitragefree prices for all possible contingent claims on the basket. There is no reason to choose the risk-neutral correlation parameter β equal to its real-world counterpart (if indeed the real-world correlation satisfies the required conditions). Thus, both the risk-neutral variances (discussed previously) and the risk-neutral correlations will in general be different from their real-world counterparts. Using Q to find the t = 0 value of the FtD yields
Given the allowed range of the parameter β, this means that V F tD satisfies
General model-independent arbitrage considerations (see Schönbucher, 2003) show that the FtD price can not be outside the bounds indicated in Eq. (10) . Clearly an FtD on the basket of two names is more valuable than a CDS on either of the names, and less valuable than two CDS's, one on each name. The argument of this article shows that any price within the indicated bounds is arbitrage-free. Although an FtD that is not traded does not have a definite price under the risk-neutral pricing procedure, if there is a market on which the FtD is sold, it will have a negotiated price determined by supply and demand. The FtD can then be included as one of the basic securities and the market will be complete. The parameter β in the risk neutral pricing measure will then have a definite value determined by the market price of the FtD. Furthermore, since the market is now complete, all other derivatives on the basket (say the second-to-default swap) will have definite prices. Now consider hedging the FtD. This must be done in terms of the basic securities B, S 1 and S 2 . As noted above, if the security F of Eq. (5) existed and were traded on the market, then the combination on the right hand side of Eq. (6) would constitute a perfect hedge for the FtD. Because the security F is not traded, we might try to use the first three terms on the right hand side of Eq. (6) . It can be shown that this hedge is the combination of the basic securities that minimizes the sum over states of the squares of the differences between hedge payoff and the FtD payoff. The price of this hedge is P hedge = V CDS [1 + (4q) −1 ] which, given the smallness of q, will be considerabley greater than 2V CDS . This relatively expensive price is due to the fact that there is a significant (and unnecessary) payoff in the state of no defaults, which is the most probable.
A better hedge (called the mean-variance hedge) is the one that minimizes the real-world expected value of the square of the difference between the hedge payoff and the FtD payoff. The exact analytic expression for this hedge is somewhat complicated, but an approximate expression, valid when the real-world marginal default probabilities for the two bonds are equal and very small, is easily found. Its payoff vector is then
, 2] and its price is 2V CDS /(1 + β rw ). It can be seen that this hedge is perfect for the state of no default, which is by far the most likely, underestimates the payoff by a factor of (1 + β rw ) −1 in the two states with one default and overestimates it by a factor of 2/(1 + β rw ) −1 in the state with two defaults. (The last three states are of comparable likelihood so long as β rw is not too small, say β rw ≈ 0.3.) This procedure of optimizing the mean-square replication error in the payoff function is relatively common in the literature on incomplete markets (see Bertsimas, Kogan and Lo (2002) and references therein).
One can also find, by linear programming, the hedge that has the minimum price subject to the condition that the payoff in all states is greater than or equal to the payoff of the FtD. This hedge has payoffs X SHedge = 2B − S 1 − S 2 , has price 2V CDS , and is the hedge that defines the upper bound for the arbitrage-free price of the FtD.
Finally, note that the model appropriate for the limiting case β rw = 1 of perfect positive correlation is a complete two-state model since only the states representing no defaults and two defaults are relevant. Taking β = 1 in the risk-neutral calculation above reproduces the appropriate results for this model.
Three risky bonds
For three risky bonds, each characterized by the same discount factor d and recovery rate ρ, the states ω = (λ 1 , λ 2 , λ 3 ) are ω 1 = (0, 0, 0), ω 2 = (1, 0, 0), ω 3 = (0, 1, 0), ω 4 = (0, 0, 1), ω 5 = (0, 1, 1), ω 6 = (1, 0, 1), ω 7 = (1, 1, 0) and ω 8 = (1, 1, 1) . Following the same procedure as above, the risk-neutral probability measure is found to be (11) where
) and β ij is the correlation between names i and j. Also, the correlation parameter β 123 is defined by
so that it is normalized to unity for perfect positive correlation. As in the previous section, the ranges of values allowed for the correlation parameters appearing in Q are determined by the conditions that the components of Q must be positive. (In imposing this condition, I assume that q is relatively small, e.g. q < 1/3, as will be the case in practice.) The risk-neutral correlation parameters can be systematically determined in terms of the market prices (if they exist) of FtD's on the various sub-baskets. Thus the parameter β ij can be determined from the price of the FtD on the basket containing the two names i and j, and given these for all two-name baskets, β 123 is determined from the price of the FtD on the three-name basket.
If there is no pricing information on any basket derivative depending on correlation, the price of the FtD on the three-name basket is constrained to lie in the range
On the other hand, suppose that, for example, in addition to the market prices of the three bonds, one has market prices for FtD's on sub-baskets {1,2} and {1,3}. Then the bounds for V
The price range for V {1,2,3} F tD in Eq. (14) is in general more restrictive than that in Eq. (13).
Under the same conditions as for two risky bonds above, and assuming the same real-world correlation β rw for all pairs, one finds that the hedge that minimizes the mean square hedge-FtD payoff difference is X P Hedge = (1 + 2β
The cost of this hedge is 3V CDS /(1 + 2β rw ).
N risky bonds
All of the essential principles are illustrated in the examples of two and three risky bonds. However, it is of interest to point out how the degree of incompleteness grows with the number of bonds. For N idential risky bonds there are 2 N possible t = 1 states, and hence 2 N − N − 1 independent risk-neutral probability parameters that must be determined, taking into account the N Eqs. (1), as well the fact the the probabilities must sum to unity. A basket of N bonds contains sub-baskets of 2, 3, ..., and N bonds. The total number of these sub-baskets is 2 N − N − 1, so that an FtD on each sub-basket is in principle sufficient to complete the market and to uniquely determine the risk-neutral probability measure. Even for a small basket of 10 bonds, however, 923 distinct FtD prices are needed to complete the market, while for 100 bonds, roughly 10 30 FtD prices are needed. Complete markets are clearly not attainable in practice.
Rough pricing guidance
Given that the risk-neutral pricing procedure fails to produce a definite price for basket credit derivatives, it seems reasonable to turn to real-world estimates of the expected value of a basket credit derivative for guidance. The real-world expected value of an FtD is given by E Q rw (X F tD ) where X F tD is the time t = 1 FtD payoff vector as given above, and Q rw is the real-world probability measure. The real-world probability measure has exactly the same structure as the risk-neutral probability measure (e.g. see Eqs.
(1) and (11)) except that the risk-neutral correlations and default probabilities are replaced by their corresponding real-world values. Thus, an FtD seller might see a reasonable price as being
Here an additional factor f has been included since the seller of the FtD will require a price which compensates not only for the expected payout, but also for the risk of having to make an uncertain payout. The acceptable range for the factor f will be different for different market participants, and will depend on how the FtD fits into their investment or risk-management strategies. Ignorance of the price is equivalent to ignorance of the value of f , except that f would be expected to have a magnitude of order unity. Note that the correlation dependence of Eq.
(15) will be very similar to that of the risk-neutral pricing formula provided that the risk-neutral correlations are set equal to their real-world values. Thus the intuition built up about correlation dependences from the risk-neutral approach will still be valid for Eq. (15). As an example, note that the t = 0 value of an FtD evaluated using Eq. (15) for the case of two risky bonds considered above is given by Eq. (9) multiplied by the factor f , and with the risk-neutral default probabilities and correlations replaced by their corresponding real-world values.
Conclusions
The market in which the risk-neutral pricing and hedging of basket credit derivatives is described is incomplete. Because of market incompleteness, the risk-neutral approach gives only upper and lower bounds for the prices of basket credit derivatives, and these bounds are not sufficiently narrow to be useful in the pricing process. The correlation parameters occurring in this approach are risk-neutral correlation parameters (not in general equal to their corresponding real-world values) which also have a range of possible values, and each different set of values of these parameters gives a possible set of arbitragefree prices for the various derivatives (e.g. FtD's and CDO's) for the basket. The market can in principle be completed (thus establishing definite values for all correlation parameters and giving all derivatives definite prices) by establishing the prices of a sufficient number of additional securities by trading them on the market. However, even for baskets of limited size this number is so large that the market will almost never, if ever, be complete. Another consequence of incompleteness is the lack of a perfect hedge for a basket credit derivative. One approach to finding an optimal approximate hedge was illustrated. As a result of the above findings, it appears inappropriate to take the view, as is sometimes done, that setting the risk-neutral correlation parameters equal to their corresponding real-world values is an acceptable way of finding a definite price for a basket credit derivative. On the other hand, using the realworld expected value of the payoff on a basket credit derivative as a guide to appropriate pricing is not unreasonable. (In this case, both the default probabilities and the correlations will have their real-world values). In any case, since arbitrage considerations can not establish a definite price, it is up to the buyers and sellers to establish their preferences, and up to the market to determine a definite price for a basket credit derivative.
